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In the framework of the Weyl-Dirac version of Wesson’s Induced Matter Theory, 
spherically symmetric entities filled with an electrically charged substance are built in 
the empty 4D space-time. The substance is induced by the 5D bulk. The interior 
substance is characterized by density, charge density and pressure and is separated from 
the surrounding vacuum by a boundary surface br where the components of the 4D metric 
tensor 01
11
00 == hh . Outside of the particle one has the 4D Reissner-Nordstrøm metric 
with M=Q. These entities may be regarded as classical (non-quantum) models of 
fundamental charged particles of radius br , mass M and charge Q . Together with the 
neutral particle presented in a previous paper (10) we have a set of 3 fundamental 
particles, which are to be regarded as constituents of elementary particles (like quarks 
and leptons). 
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1. INTRODUCTION 
    Matter and field are basic concepts of classical field theories. They play a fundamental 
role in the general relativity theory (1), where the Einstein tensor νµG  is expressed in terms 
of the geometry of space-time, and the matter is represented by its momentum-energy 
density tensor νµT .  These two intrinsic concepts are connected by the Einstein field 
equation 
                                           
ν
µ
ν
µ pi TG 8−= .                                                              (1) 
According to EQ. (1), a given distribution of matter (-sources) determines the geometric 
properties of space-time. One can regard this as the creation of space-time geometry by 
matter. Now, one can read EQ. (1) in the opposite direction, and expect for the creation of 
matter by geometry. Thus, what geometry and which mechanism have brought matter 
into being in our 4-dimensional world? Among others theories Wesson’s Induced Matter 
Theory (IMT) (2, 3, 4, 5, 6, 7.) provides an elegant answer based on the creation of matter by 
geometry of the 5-dimensional bulk. In the Weyl-Dirac modification (8, 9) of Wesson’s 
IMT the bulk induces on the 4D brane both, gravitation and electromagnetism, as well 
gravitational matter and electric current. Now, as a considerable amount of conventional 
matter appears in the form of particles, it would be interesting to look for a mechanism of 
creating fundamental particles in the framework of the Weyl-Dirac modification of 
Wesson’s IMT.  
    In a recent paper (10), classical 4D models of neutral fundamental particles were 
considered.  
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   In the present note we investigate the possibility of creation 4D electrically charged 
particles, induced by the 5D bulk in the framework of the Weyl-Dirac modification of 
Wesson’s theory.  
    These particles presented in (10) and in the present paper are to be regarded as 
constituents of elementary particles (like quarks and leptons) and are characterized by 
their charge being e31;0 ± , with e - the electron charge, as well by mass. Thus every 
quark or lepton is made up of three of these particles.  
    These fundamental classical particles having charge and mass are taken to be spinless 
and to have spherical symmetry. It is expected that, when they are quantized, they will 
acquire a spin, as in the case of a point particle described by the Dirac equations. 
Presumably the particles have other properties such as color hypercolor etc. However, 
these will be left to be dealt with in the future.  
    In the present work following conventions are valid: Uppercase Latin indices run 
from 0 to 4; lowercase Greek indices run from 0 to 3. Partial differentiation is denoted by 
a comma (,), Riemannian covariant 4D differentiation by a semicolon (;), and 
Riemannian covariant 5D differentiation by a colon (:). Further, the 5D metric tensor is 
denoted by ABg , its 4D counterpart by µνh ; sometimes 5D quantities will be marked  by a 
tilde, so 12R  is the component of the 4D Ricci tensor, whereas 12
~R  belongs to the 5D one, 
σ
σRR ≡   is the 4D curvature scalar, 
S
SRR
~~
≡  - the 5D one.  
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2. THE EMBEDDING FORMALISM. THE FIELD EQUATIONS 
 
    Following the ideas of Weyl (11, 12) and Dirac (13), developed by Nathan Rosen (14) and 
the present writer (15,16), the Weyl-Dirac version of Wesson’s IMT was proposed recently 
(8,9)
. In that version the 5D manifold {M} (the bulk) is mapped by coordinates { }Nx and in 
every point exist the symmetric metric tensor ABg , as well the Weylian connection 
vector Cw
~
 and the Dirac gauge functionΩ . The three fields ABg , Cw~ and Ω are integral 
parts of the geometric framework, and no additional fields, sources or particles exist in 
the bulk {M}. In this 5D manifold, field equations for ABg  and Cw~ , are derived from a 
geometrically based action.  It turns out that the equation for Ω  is actually a corollary of 
the ABg  , and Cw~  equations, so that the Dirac gauge function may be chosen arbitrarily.      
    Below follows a concise description of the general embedding formalism. The 
notations as well as the geometric construction given below accord to these given in 
works of Paul Wesson and Sanjeev S. Seahra (2, 3, 4, 5, 6) , as well in works of the present 
writer (8, 9, 10). 
   One considers a 5-dimensional manifold { M } (the “bulk”) with a symmetric 
metric BAAB gg = , having the signature ( ) ),,,,(sig ε−−−+=ABg with 1±=ε . The 
manifold is mapped by coordinates { Ax } and described by the line-element   
                              
BA
AB dxdxgdS =2      ( )4,3,2,1,0, =BA                                  (2)  
One can introduce a scalar function ( )Axll =  that defines the foliation of {M} with 4-
dimensional hyper-surfaces lΣ  at a chosen l = const, as well the vector 
A
n  normal to lΣ . 
If there is only one time-like direction in {M}, it will be assumed that An  is space-like. If 
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{M} possesses two time-like directions )1( +=ε , An  is a time-like vector. Thus, in any 
case lΣ  (the “brane”) contains three space-like directions and a time-like one. The brane, 
our 4-dimensional space-time, is mapped by coordinates { µy }, and has the metric 
νµµν hh =  with ( ) ),,,(sig −−−+=µνh . The line-element on the brane is (cf. (2)) 
                                          
νµ
µν dydyhds =
2
                       ( )3,2,1,0, =νµ     (3) 
It is supposed that the relations ( )Axyy νν =  and ( )Axll = , as well as the reciprocal one 
( )lyxx AA ,ν=  are mathematically well-behaved functions. Thus, the 5D bulk may be 
mapped either by { }Ax  or by{ }ly ,ν .  
    A given 5D quantity (vector, tensor) in the bulk has a 4D counterpart located on the 
brane. These counterparts may be formed by means of the following system of basis 
vectors, which are orthogonal to An   
                   νν y
x
e
A
A
∂
∂
=              with                    0=AAen ν                                       (4)                                              
The brane lΣ  is stretched on four ( )3,2,1,0=ν  five-dimensional basis vectors Aeν . In 
addition to the main basis { }AA ne ;ν one can consider its associated one{ }AA ne ;ν , which 
also satisfies the orthogonality condition 0=AAneν . The main basis and its associated are 
connected by the following relations:  
                     εεδδ σσ
µ
ν
µ
ν =−== A
A
B
AA
BB
A
A
A
nnnneeee ;;                            (5) 
    Let us consider a 5D vector AA VV ;  in the bulk {M}. Its 4D counterpart on the brane 
lΣ  is given by 
                                 .; BBA
A VeVVeV ννµµ ==                                                   (6) 
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On the other hand the 5D vector may be written as  
                
( ) ASSAA nnVVeV εµµ += ; ( ) ASSAA nnVVeV εµµ +=                             (7) 
Further, the 5D metric tensor, ABAB gg ; , and the 4D one, µνµν hh ; , are related by 
               
λ
µ
λν
µν
νµµν
νµµν δ=== hhgeehgeeh
AB
BAAB
BA with    ;;                       (8) 
   
C
A
CB
AB
BABAAB
BABAAB ggnnheegnnheeg δεε
µν
νµµν
νµ =+=+=  with   ;;        (9)    
   Considering the bulk of the Weyl-Dirac modification of Wesson’s IMT we have to pay 
attention to the Weylian connection vector Aw~  and to the 5D field 
tensor ABBAAB wwW ,, ~~
~
−≡ . There is also the Dirac gauge function ( )BxΩ  and its partial 
derivative AA x∂
Ω∂
≡Ω . On the 4D brane one has the metric µνh , the 4D Weyl vector µw , 
the 4D Maxwell field tensor µννµµν ,, wwW −=  and the gauge function.  
    Starting from the 5D equations for the metric ABg  and making use of the Gauss-
Codazzi equations the following 4-D equations of gravitation may be derived (8, 9): 
( )
( )( ) ( )[ ] ΛΩ−−+−+−Ω
Ω
+
Ω−Ω
Ω
−ΩΩ
Ω
+




 −
Ω
−
Ω
−=
2
][
;;222
2
123
36
2
128
αβ
λ
β
σ
α
λσ
αβσλνµ
µν
αβαβαβαβ
σ
σαββαβααβαβαβαβ
δδε
ε
εpi
hhhCChEhECChn
hBBhMG
S
S
(10)     
From the equation of the source-free 5D Weylian field ( ) 0~ : =Ω BABW  in the bulk, was 
derived in (8) the 4D equation for the Maxwell field µνW on the brane  
( ) 











Ω
Ω
++−+
Ω
Ω
−= CASASCA
C
AA
AS
S WWenCheheWnWW
~~~
:;
α
βλ
βλααλβαββαβ
β ε       (11)   
In (10) and (11) the following quantities appear: 
a) The conventional energy-momentum density tensor of the 4D electromagnetic field                          
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                    




 −= ⋅λβαλ
λσ
λσαβαβ pi
WWWWhM
4
1
4
1
                                            (12a) 
b) Energy-momentum quantities formed from the 5D Weylian field ABW~  (cf. (8))  
              
LSBA
BLAS nneeWWB βααβ
~~
≡      and   LSABBLAS nngWWBhB
~~
≡= λσ
λσ
          (12b)  
c) The extrinsic curvature µνC of the brane lΣ , and its contraction  C   
               





Γ−
∂
∂
≡= SABSA
BBA
AB
BA
n
x
n
eeneeC ~: νµνµµν ,     λσ
λσ ChC =                         (12c) 
d) A quantity formed from the 5D curvature tensor (cf. (3, 4, 5))    
                                     
BANM
MANB eennRE βααβ
~
≡                                                   (12d)    
e) as well its contraction 
                                      
NM
MN nnREhE −=≡ λσ
λσ
                                              (12e)  
Finally, in (10, 11), µνG  stands for the Einstein tensor, Λ  is the cosmological constant 
and AB
AB
AA g Ω≡ΩΩ≡Ω ,, ; .  
Details may be found in Ref. 8. 
 
3. THE STATIC SPHERICALLY SYMMETRIC CASE 
In order to describe a particle-like entity in the 4D brane, which is mapped by the 
coordinates ϕϑ ==== 3210 ;;; yyryty , we write the spherically symmetric static 
line element as 
                     
( ) ( ) ( )2222222 sin ϕϑϑλν ddrdredteds rr +−−=                              (13) 
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It is believed that the entity is restricted by a boundary sphere of radius brr = ; the 
interior ( brr ≤ ) is filled with a substance induced by the bulk and described by matter 
density ρ , charge density eρ and pressure P . These three characteristic functions have 
no singularity at 0=r  and vanish at the boundary. Outside ( brr > ) there is vacuum. 
    The 5D bulk is mapped by
( ) ( )
lxyxyxyexyex
lLlN
=====
−− 4332212
1
102
1
0 :;;; , 
(the functions ( ) ( )lLlN ,  are defined in (15)) and the 5D line element will be written as 
( )( ) ( )( ) ( ) ( ) 2,~222221,~20,~2 sin dleddrdxedxedxdxgdS lrFlrLlrNBAAB εϕϑϑ ++−−==  (14)  
It is convenient to divide the metric functions into depending on r and depending on l, 
writing  
           ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )rlFlrFrlLlrLrlNlrN ψλν +=+=+= ,~;,~;,~             (15) 
    Hereafter, we denote a partial derivative with respect to r  by a prime and that with 
respect to the fifth coordinate, l  by a dot. Without any restriction we can impose the 
condition ( ) ( ) ( ) 0000 === lFlLlN  for the values on the brane 0ll = , our 4D space-time.  
The basic vectors, the metrics as well the Christoffel symbols of (13-15) are given by   
(A-1) – (A-5) in the Appendix. 
Besides the metric tensor ABg , the bulk possesses the Weyl vector Aw~ , which has the 
following components  
                                         ( ) ( )lxwlxw ,~;,~ 1410                                                    (16)     
From it one forms the 5D Weylian field 
( ) ( )
( )
0
~~04
004
1,4
~~14
1,4141,0
~~01
1,001
~
~
;~
~
;~
~
;~
~
;~
~
;~
~
weWwW
weWwWweWwW
FN
FLNL
&& +−
+−+−
==
=−=−==
ε
ε
;             (17)      
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and as ( ) ( ) ( ) 0000 === lFlLlN we have for the 4D Maxwell field on the brane 
            
( ) ( )
000101000
02
1
2
1
2
1
~
;~ wweWeWwwew lLLNN ′≅′==′≡′=′ −+−                               (18)   
There is also the Dirac gauge function Ω  and its partial derivative AA x∂
Ω∂
≡Ω  
We assume ( )rΩ=Ω so that  
                                   0=ΩA for 1≠A                                                                   (19) 
It must be emphasized that the 5D bulk is empty – it possesses no matter fields. The 
functions Ω , ( ) ( )lxwlxw ,~;,~ 1410  and ABW~  are essential parts of the 5D Weyl-Dirac 
geometric framework in the bulk. On the other hand their 4D counterparts 0w′ and 
01W are regarded as representing the Maxwell field with sources induced by the bulk.  
    It is convenient to write the gravitational equation (10) in its co-contravariant form. 
Further, we take into account that by (19) and (A-3) 0=Ω SS n . Thus we have  
( )
( )[ ] ΛΩ−−+−+
+Ω−Ω
Ω
−ΩΩ
Ω
+




 −
Ω
−
Ω
−=
2
][
;;222
2
12
36
2
128
β
α
λβσ
α
λσβ
ασλνµ
µνβ
α
β
α
σ
σ
β
αλα
βλ
λα
βλ
β
α
β
α
β
α
β
α
δδδδε
δδ
εpi
hhCChEE
hhBBMG
   (20) 
The quantities appearing in (20) and listed in (12a-12e) may be accounted making use of  
(16-18), as well of (A-3) - (A-5). The result is listed in (A-6) 
    For the sake of convenience we turn to an auxiliary gauge function ( ) ( )rr Ω= lnω . 
Then, making use of (A-6a – A-6e) we obtain from (20) the following gravitational 
equations: 
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( )( ) ( ) ( ) ( )[ ]
( ) ( )
( ) Λ−


 −++
+


 ′+′′−′+′′−


 ′+′′−′+′′−
−++′−=
−
−−
−−+−+−−
ωψ
λλ
λνψωνλω
ε
ω
ωλωω
ψ
ψλψψ
ε
22
22
2
1,4
2
0
22
0
20
0
2
1
2
1
2
1
2
2
2
132
2
1
2
1
2
1
~~~
eLFLLe
r
e
r
e
weweeweeG
&&&&&
&
      (21)     
( )( ) ( ) ( ) ( )[ ]
( ) ( ) Λ−


 −++


 ′+′′+′−





 ′+′′−+−′−=
−−
−−−+−+−−
ωψλ
λλνψωνλω
εω
ωνω
ψ
ψνε
222
2
1,4
2
0
22
0
21
1
2
1
2
1
2
1
2
2
2
123
2
2
1
2
1
~~~
eNFNNe
r
e
r
eweweeweeG
&&&&&
&
   (22) 
 
( )( ) ( ) ( ) ( )[ ]
( ) ( ) ( ) ( )
( ) ( ) ( ) Λ−


 ++−++++
+


 ′+′−′′+′+′′−


 ′+′−′′+′+′′−
−−′=
−
−−
−−+−+−−
ωψ
λλ
λνψωνλω
ε
ω
λνωωω
ψ
λνψψψ
ε
222
22
2
1,4
2
0
22
0
22
2
2
1
2
1
2
1
2
1
2
1
2
2
13
2
1
2
1
2
1
~~~
eNLNLFNLLNe
r
e
r
e
weweeweeG
&&&&&&&&&&&
&
 (23)                                                                                                                                                         
In addition to (21-23) we have from (11) the Maxwell equation that takes the form 
      
( ) ( ) ( ) Ω


 +++−=







′Ω
∂
∂ −−++− 2
00
3
2
1
0
22
1
~
2
1
~ rwNLFwewre
r
&&&&&&
ψνλψνλ
ε                   (24) 
Integrating (24) we get  
( ) ( ) ( ) 





+


 +++−=′ ∫
+−−−++
.
~
2
1
~ 2
0
00
23
2
12
2
1
20 ConstdrrwNLFwee
r
w
r
&&&&&&
ωψνλωψνλε
         (25)                
    In the above treatment are 4 equations (21 - 23, 25) for six functions, 40 ~,~,,,, wwωψνλ  
(The quantities FNLNL &&&&&&& ,,,,  are constants on the brane 0ll = ). Thus, we can impose two 
conditions. To choose these conditions, we assume that the entity is filled with a perfect 
fluid, so that EQ-s (21-23) may be rewritten as  
  piρ
λλ 8
~11
4
2
22
0
0 −−=−




 +
′
−≡ −
r
q
rrr
eG                                       (21a)   
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     nP
r
q
rrr
eG piνλ 8
~11
4
2
22
1
1 +−=−




 +
′
≡ −                                           (22a)     
      
( )
τ
λ pi
λνννλν P
r
q
r
eG 8
~
2442 4
22
2
2 +=




 ′−′
+
′
+
′′
−
′′
≡ −                       (23a) 
The quantity )(~ rq  is regarded as the effective charge inside a sphere of radius r  and 
according to (21) and (25)) it is given by  
( ) ( ) ( ) drrwNLFweeq
r
2
0
00
23
2
14
2
1
~
2
1
~~ ∫ 


 +++−=
+−−−
&&&&&&
ωψνλωψ
ε                   (26) 
(We discarded the constant term in (26) as leading to a singular point charge.) 
Thus, the term 4
2~
r
q
 is the electromagnetic energy inside the sphere of radius r. 
Further, ( )rpiρ8 , which includes the remaining terms in the RHS of (21), is the matter 
density inside the spherically symmetric entity, ( )rPn  is the radial pressure and ( )rPτ  
stands for the tangential pressure.  
We are looking for a non-rotating entity filled with perfect fluid, therefore we impose 
                                         PPP n ==τ                                                       (27) 
The second condition will be imposed in order to get the following equation of state 2 
                                           ρ−=P                                                          (28) 
Condition (27) imposed on (22, 23) yields 
                                                 
2
 Following previous papers (17) we will refer to matter in such a state as “prematter” and 
regard it as a primary substance. 
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( )( ) ( )
( ) ( ) 


 ′−′′−′−′′+


 ′−′′−′+′′+
+


 +−+−=
−−
−++−
r
e
r
e
NLLFLLewe
ω
ωλωω
ψ
ψλψψ
ε
ε
λλ
ψωψλ
2
13
2
1
2
1
2
1
2
1
2
1
2
1
2
~2
22
22
1,4
2 &&&&&&&
     (29) 
Condition (28) describes prematter and it leads to  
( )( )
( ) 


 +−++
+




 ′−




 ′+′=
−
−++−
NLNFNNe
r
ewe
&&&&&&&
&
2
1
2
1
2
1
2
2
113
2
1
~2
2
2
0
2
ψ
λωψν
ε
νωψε
                                      (30) 
A restriction 001 =B  follows from 001 =G . Thus, as 
( )
1,40
~2
01
~~2
1
wweB FNL &++−−= (cf. (A6b)), 
one has two possibilities either, 
                                             0~0 =w&                                                            (31)    
or 
                                            0~ 1,4 =w                                                            (32)   
Equations (21-23, 25) with conditions (29, 30) describe the spherically symmetric, static 
prematter entity. This system of equations, however, seems to be very much complicated; 
therefore we will simplify our case. 
 
 
4. THE SIMPLIFIED CASE 
 
Let us presume (cf. (15))  
                                             ( ) ( ) ;0≡= lLlN                                               (33) 
Then, choosing the possibility (31), 0~0 =w&  one has according to (30)  
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                                           0
2
113
2
1
=




 ′−




 ′+′ νωψ
r
                                 (34)     
This results in a very simple gauge condition 
                                                ψωψω
6
1
;
6
1
−=′−=′                                  (35) 
(We discard a possible constant in the second relation (35).) 
With (33) and (35) we have from (29)  
                                   
( )( ) ( )221,42 6
1
~2 ψε λωψλ ′= −++− ewe                                   (36) 
Making use of (33), (35), (36) and discarding the cosmological term as irrelevant one 
obtains from (21-23) the following equations: 
                  ( ) ( )
4
~
2
2
0
30
0
ψλ
ψ
νλ ′
−′−=
−




 −+− e
weG                                                  (37a) 
                   ( ) ( )
4
~
2
2
0
31
1
ψλ
ψ
νλ ′
−′−=
−




 −+− e
weG                                                  (37b) 
                     ( ) ( )
4
~
2
2
0
32
2
ψλ
ψ
νλ ′
−′=
−




 −+− e
weG                                                  (37c)           
From (37a) and (37b) one concludes that 
                                                      0=+νλ                                                    (38) 
If one makes use of (25), (31), (33), (35), (36) and takes into account relation (38), one 
obtains the Maxwell EQ.                                               
                                           drrwee
r
w
r
2
0
0
3
5
3
2
20
~∫





 −
−=′ &&
ψλψε
                              (39) 
According to (37a) and (39) we have the effective charge inside the sphere of radius r  
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( ) ∫





 −
=
r
drrweerq
0
2
0
3
5
6
5
~~ &&
ψλψ
                                (40) 
Further, from (28) and (37a-c) one has 
                                     ( )2
4
188 ψpipiρ λ ′=−= −eP                                           (41) 
With (40) and (41) one rewrites EQ-s (37a-c) as 
                      4
2
22
0
0
~
811
r
q
rrr
eG −−=−




 +
′
−≡ − piρ
λλ
                                    (42) 
 
                         4
2
22
1
1
~
811
r
qP
rrr
eG −=−




 +
′
≡ − pi
νλ
                                        (43) 
                
( )
4
22
2
2
~
8
222 r
qP
r
eG +=





 ′−′
+
′
+
′′
−′′≡
−
pi
λνννλ
ν
λ
                          (44) 
As noted above, the entity is restricted by a sphere of radius br . Inside there is the 
prematter substance, outside one has vacuum. Accordingly, introducing the function 
( ) νλ eery ≡≡ −  one obtains the following solution of (42) and (43) 
              
( ) b
rr
rrdr
r
q
r
drr
r
eery ≤−−=≡≡ ∫∫− for ;
~181
0
2
2
0
2ρ
piλν
                  (45) 
and                        
                   ( ) ( )bb rqQ rr
r
Q
r
M
ry ~ withand;for  ;21 2
2
≡>+−=                    (46)  
In EQ. (46) M  stands for the mass of the whole entity, while, according to (40) the total 
charge Q  is given by                             
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( ) ∫





 −
=≡
br
b drrweerqQ
0
2
0
3
5
6
5
~~ &&
ψλψ
                              (47)               
From the two equations (45, 46) we obtain for the mass as seen by an external observer 
                                      ∫∫ ++=
bb rr
b
dr
r
qdrr
r
QM
0
2
2
0
2
2 ~
2
14
2
ρpi                              (48)            
For a moment let us go back to the equations (42)-(44). Instead of solving (44) we can 
make use of the equilibrium relation 
                                  
( ) ( )4
2
4
~~~288
r
q
r
qqP
′
−=
′
−=++′ ρpiρpi                               (49) 
Taking into account (28) this relation may rewritten as 
                                                   
( )
4
2~
8
r
q ′
−=′ρpi                                                   (50) 
  so that 
                                      
( ) ∫+−=
r
drrrq
0
342 328~ ρpiρpi                                        (51) 
However, as noted above, ( ) 0=brρ . Thus, the total charge is given by 
                                                ∫+=
br
drrQ
0
32 32 ρpi                                                (52) 
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5. THE MODEL 
 
Let us go back to (42) and substitute into it ( ) νλ eery == − . Then we obtain  
                             4
2
22
~
81
r
q
rr
y
r
y
−−=−+
′
piρ                                                       (53) 
Making use of (51) one has                            
                                      ∫−=−+′
r
drrryrry
0
3223 32 ρpi                                       (54) 
This may be rewritten as 
                                        piρ32224 22 −=−+′+′′
r
y
r
y
r
y                                        (55) 
For 1−= yz  the left hand side of EQ. (55) looks like a Bessel equation. Therefore we 
shall look for an appropriate Bessel function, or a combination of them. There is the 
spherical Bessel function of the first kind ( )
x
x
xj sin0 = . But ( )xj0  can take negative 
values, therefore we take its square as a possible description of ( )ry  
                                                ( )kr
rk
y 222 sin
1
=                                              (56) 
with
br
k pi≡ ; (note that 1−= cmk )  
Inserting (56) into (55) one obtains  
                              
( ) ( ) yk
r
kr
r
kr 2
2
2
2
sin
2
2cos18 ≡=−=piρ                                   (57)              
It is worth noting that the mass density ( ) 0≥rρ ; ( ) ( ) 0;08 2 == brk ρpiρ .  
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Further, substituting ρ  into (51), and choosing a suitable value of the constant of 
integration, we obtain the effective charge inside the entity 
( ) ( ) ( ) ( ) ( ) ( )


 −±=


 −= kr
k
krrrqkr
k
krrrq sin1cos~  and;sin1cos~
2
2
          (58) 
We emphasize that according to (58)   
                                   ( ) ;00~ =q and ( ) bb rrqQ =≡ ~                                        (59) 
To obtain ψ  one can equate (41) and (57). This leads to the result      
               ( ) ;24 22 kk ±=′=>=′ ψψ   and Constrk +±= 2ψ                        (60) 
Choosing pi2m=Const  we have  
                                           ( )piψ 22 −±= rk                                                   (60a)    
so that ( ) piψ 20 m==r and ( ) 0== brrψ .We will also assume 0=ψ  for brr > . 
    To account the external mass M, one starts from (48) and makes use of (57) and (58).  
As a result one obtains 
                                          b
b
r
r
QM
2
1
2
2
+=                                                           (61) 
 and making use of (59) one has  
                                            brQM ==     
It is interesting that for neutral particles (cf. ref. (10)) we obtained bneutral rM 2
1
= . 
    In order to obtain the charge density eρ  inside the entity we recall that for a spherically 
symmetric distribution of matter the charge is given by drreq
r
e
2
0
24 ∫= ρpi
λ
.  Making use 
of (58) and (56) one obtains 
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                                                    2
2sin4
r
kr
e =ρpi                                       (62) 
Thus, according to (57)                      
                                                          ρρ 2=e                                             (62a)                                   
It would be of course interesting to obtain the function 0~w&& , which invoked the charge. 
According to EQ. (40) we have                                        
                                 
2
0
6
5
~~
6
5
~ rweqq &&
ψλ
ψ
−
+′=′                                             (63) 
 
After elementary calculation with q~  from EQ. (58) we get 
    
( ) ( ) ( ) ( ) ( )
22
2
2
3
5
0
sinsincos
3
5sin
3
5
~
rk
kr
r
krk
r
krk
r
kr
ew
kr



 −−=
−pi
&&
                   (64) 
 Expanding the two first terms in the bracket for small values of kr  we obtain  
 
            
( ) 2
2
3
5
23
5
0 0~
br
ekew pi
pipi −−
≡=&& , whereas ( ) ;0~0 =brw&&                           (65) 
We see that there is no singularity at the center, whereas at the boundary 0~w&&  vanishes.                                              
Now, with ψ  given in (60a) we can account the strength of the Maxwell field 0w′  
according to (39) 
                     
( )
( )rqe
r
w
kr
~3
1
20
−±
−=′
piε
 for brr ≤                                         (66) 
                                   Q
r
w 20
ε
−=′        for  brr >                                        (67) 
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We obtained a plausible model, describing 4D fundamental particles created by the bulk 
in the Weyl-Dirac modification of Wesson’s IMT.  
    Besides the model considered above there are of course other ones; so one could 
consider the case with 0~ 1,4 =w , but 0~0 ≠w& , or the entity in the Einstein gauge and more 
models. 
   In the above procedure we obtained relations for some 4D quantities that originate from 
the bulk. These results are somehow incomplete. So, in (64) we found, rather ( )00 ,~ lrw&& , 
than ( )lrw ,~0&&  for any l ; in (32a) we assumed ( ) 0,~ 00 =lrw& , but ( ) 0,~0 ≠lrw& ; in equation 
(36) appears ( )01,4 ,~ lrw  i.e. again the value on the brane. Finally ( )lF   remains arbitrary. 
 
6. CONCLUSIONS AND DISCUSSION 
 
 
The aim of the present paper is to investigate the possibility of creating charged 
fundamental particles in our 4D space-time regarded as a brane in the 5D manifold, the 
latter being the bulk of the Weyl-Dirac modification of Wesson’s Inducted Matter 
Theory. This bulk is an empty (without matter, charges, currents) 5D Weyl-Dirac 
manifold described by the metric tensor ABg , the Weyl connection vector Aw~  as well by 
the Dirac gauge function Ω .  
    As shown previously the bulk creates-induces matter (1-7), as well electric charges, 
currents and the Maxwell field (8, 9) in the brane. Recently (10) the creation of neutral 
particles in the Weyl-Dirac modification of Wesson’s IMT was considered. In this paper 
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we consider a spherically symmetric metric in the bulk and a spherically symmetric entity 
filled with induced charged matter in the brane. This entity is restricted by a border 
surface of radius br  so that beyond it one has vacuum. 
    A special, very interesting analytical solution for a plausible model was found. In it, 
the substance filling the interior is characterized by a mass density ( )rρ  and by a charge 
density ρρ 2=e , both vanishing at the border brr = . In the center one has ( ) 208 k=piρ  
with
br
k pi≡ . In the interior acts the electric field given by 
( )
( )rqe
r
w
kr
~3
1
20
−
−=′
piε
with 
( )rq~  being the charge inside the sphere of radius r , whereas for brr >  one has 
Q
r
w 20
ε
−=′  with ( )brqQ ~= . The metric inside the border is ( )kr
rk
eey 222 sin
1
==≡ − νλ , 
at the border one has 0=y , whereas beyond the border surface ( brr > ) the well known 
Reissner-Nordstrøm metric ( ) 2
221
r
Q
r
M
ry +−= is valid.  It is shown that brQM == , 
so that the exterior metric may also be written as brr
r
My >




 −= ;1
2
 and there is no 
black hole surrounding the particle.  
    It is rather remarkable that there exist the considered analytic solution, and it is 
proposed that this be taken as describing models of classical charged fundamental 
particles.  
    The particles presented in (10) and in the present paper are to be regarded as the 
constituents of elementary particles (like quarks and leptons) and are characterized by 
their charge being e31;0 ± , with e - the electron charge, as well by radius and mass. It is 
assumed that every quark or lepton is made up of three of these particles. In a previous 
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paper (10) the relation bneutral rM 2
1
=  for neutral particles was obtained. Let us take 
eQ
3
1
= with e  being the electron charge. We then have for charged particles 
cmrMQ b 351059.4 −×===  and assuming that the neutral one has the same mass as the 
charged particle, we get cmM neutral
351059.4 −×= ; cmr neutralb 351018.9 −×= .  
    Concluding this discussion we want to note the following. If one calculates the matter 
density in the center of the particle, he obtains ( ) 2692 106846200.408 −×== cmkpiρ . 
Comparing this with the Planck density 26610626.98 cmPl ×=piρ  we see that in the center 
the substance is beyond the Planck state.  
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APPENDIX 
The metric tensors as given in EQ-s (13), (14) are 
ϑλν 2233
2
221100 sin;;; rhrheheh −=−=−==                                      (A-1) 
( ) ( ) ( ) ( ) FlLlrLlNlrN eghghgheegheeg
~
443333222211
.
~
1100
,
~
00 ;;;; ε====−=≡=  (A-2) 
For the models considered in Sec.4, Sec5, one has µνµν hg = . 
The basis that accords to (A-1, -2) may be written as 
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.,0,0,0,0.,0,0,0,0
.0,1,0,0,0.0,1,0,0,0
.0,0,1,0,0.0,0,1,0,0
.0,0,0,,0.0,0,0,,0
.0,0,0,0,.0,0,0,0,
~~
3
3
2
2
1
1
0
0
2
1
2
1
2
1
2
1
2
1
2
1
FAF
A
A
A
A
A
L
A
LA
N
A
NA
enen
ee
ee
eeee
eeee
−
−
−
==
==
==
==
==
ε
                     (A-3) 
   Denoting a partial derivative with respect to r by a prime and that with respect to 
l  by a dot, and taking into account the r, l separation (cf.(15)) we can rewrite the 5D 
Christoffel symbols 
 
;
2
1~;
2
1~
;
2
~;
2
~;cot~;
1~
;cossin~;1~;
2
~;sin~
;~;
2
1~;
2
1~;
2
1~;
2
1~;
2
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4
44
4
14
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00
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eer
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&&
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−=Γ=Γ′=Γ′=Γ=Γ′=Γ
−−
−−
−−
ψ
εε
ϑ
ϑϑψ
ε
ϑ
λνν
 (A-4) 
and the 4D Christoffel symbols 
 
;cot;
1
;cossin;1;sin
;;
2
1
;
2
1
;
2
1
3
23
3
13
2
33
2
12
21
33
1
22
1
11
1
00
0
01
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λνν
λ
λλν
=Γ=Γ−=Γ=Γ−=Γ
−=Γ′=Γ′=Γ′=Γ
−
−−
rr
er
ere
  (A-5) 
Making use of EQ. (16-18) as well of (A-3) – (A-5) one obtains for the quantities 
appearing in (20) and listed in (12a-12e) 
     
( ) ( )2033221100 8
1
weMMMM ′=−=−== +− νλ
pi
                                             (A-6a) 
( ) ( )( )
( )( ) ( )( ) ( )( )21,42021,411
2
0
0
01,40
~2
1001
~~;~
;~;~~2
1
weweBweB
weBwweBB FNL
ψλψνψλ
ψν
+−+−+−
+−++−
−=−=
=−=≡
&
&&
                               (A-6b)                                
LeCNeC && ψλ
ψν
2
1
2
1
;
2
1
11
2
1
00
−− −==                                                                   (A-6c)       
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( ) 


 −+−′′= −− FNNNeeE &&&&&
2
1
2
1
2
1
4
20
0
ψλ ψν
ε
 
( ) ( ) 


 −+−


 ′′−′+′′= −− FLLLeeE &&&&&
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2
1
2
1
2
1
2
1
2
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ε
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.0;
2 01
3
3
2
2 =
′
== − E
r
eEE ψε λ  
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eEE
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